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Abst rac t - - In  this paper we obtain sufficient conditions for the global asymptotic stability of the 
difference quations 
x~+l  = $(x~)O(X~-k) ,  n = 0,1 ..... 
We also obtain sufficient conditions for all solutions to be bounded. © 1999 Elsevier Science Ltd. 
All rights reserved. 
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1.  INTRODUCTION 
Consider the difference quation 
xn+l  = f ( z~)g(xn-k ) ,  • = o, 1 . . . .  (1) 
with positive initial conditions where the functions f and g satisfy the following hypotheses: 
(nl) f,g e C[[0, cc), [0, oc)]; 
(H2) f is increasing and g is decreasing; 
(H3) the equation 
z = : (x )g (x )  (2) 
has a unique positive solution ~. 
In this paper, we obtain sufficient conditions for the global asymptotic stability and bounded- 
ness of equation (1). We also apply our results to the rational recursive sequences 
a + bx 2 
- - - -~- - - ,  n = O, 1, . . .  (3) 
Xn+l = C-~-Xn_ k 
where a,b,c E (O, co), k c {1,2, . . .} .  
The results in this paper have been motivated by the two open problems which were proposed 
by Kocic and Ladas in [1, p. 39, p. 159]. 
When k = 1 in equation (1), the monotone unstable solutions and boundedness of equation (1) 
was investigated in [2], the permanence of equation (1) was studied in [3], In [4], the global 
asymptotic stability theorem of equation (1) is given. 
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The paper is organized in three parts as following: sufficient conditions for boundedness of 
equation (1) is given in Section 2, global asymptotic stability of equation (1) is given in Section 3. 
In Section 4, we give an example which we apply our results. 
2. SUFF IC IENT CONDIT IONS FOR BOUNDEDNESS 
The following theorem gives sufficient conditions for all solutions of equation (1) to be bounded, 
which is generalization of Theorem 4.1 in [2]. 
THEOREM 2.1. Assume that (H1)-(H3) hold and suppose that there numbers L, p, q E [0, co) 
and A, B E (0, co) such that 
f (x)  <_ Ax p, for x _> L 
and 
Also assume that 
B 
g(x) <_ -~,  for x _> L. 
X 
either p = 0 or 0 < kkp k+l < (k + 1)k+lq. 
Then every solution of equation (1) is bounded from above by a positive constant. 
PROOF. First assume that f is bounded. Then there exists C > 0 such that 
f (x)  < C, for x E [0, co). 
Also, since g is decreasing, 
g(x) < g(O), for x E [0, co). 
Then, for n = 1,2, . . .  
Xn+l  -~ f (Xn)g(Xn-k )  ~_ ag(o)  
and all solutions are bounded from above by a positive constant. 
Next we will consider the case when f is unbounded. Clearly p > 0 and 
lira f (x)  = oo. (4) 
X ----~ CO 
Assume for the sake of contradiction that there exists a solution {Xn} of equation (1) which is 
unbounded. Then there exists a subsequence {xn, } such that 
lim x m = c~. 
i--*oo 
Since g is decreasing, (x) < g(O) and so 
Xn~ = f(Xn~-l)g(Xn,-k--1) ~ f(xm-1)g(O). 
Hence, 
and from (4), 
lim f(xn,_l)g(O)=cx). 
i--*oo 
lim Xnl -- 1 ~ (20. 
i---*c~ 
Hence, by induction, 
lim xm_ j = co, for j = 1, 2 , . . . .  
i---*Oo 
Consider the sequence {aj } defined by 
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We will prove that there exists an integer N > 1 such that 
aN<_O and a i>0,  fo r i=O, . . . ,N -1 .  
If pk+l < q, then al _< 0 and the above inequality is proved. Now consider the case where 
pk+l > q. For the sake of contradiction assume that 
aj > 0, for j = 0 ,1 , . . . .  
Then for j > 1 it follows from the conditions of the theorem and (5) that a j -1  > aj and 
lim aj = l > O. 
j -~oo 
By taking limits in (5) we get 
I k+l - pl k + q = O. (7) 
From the conditions of the theorem it follows that (7) has no nonnegative roots. This is a 
contradiction and the claim is established. 
From lim~_.oo xn~-j = c~ it follows that there exists an integer No such that 
xm_ j  ~ L, for i_>N0 and j=O,  1 , . . . ,Nk  + l. 
Note that for i > No and j = 0, 1 , . . . ,  Nk,  
X p 
xn, - j  = f (x,~_( j+l))  g (x ,~-( j+k+l))  <_ AB n~-(j+l) Zqn,_(j+k+l) (8) 
and so 
lim xn, - j  - O, for j = 0, 1, , Nk.  (9) 
i---*oo X p "'" n~-(j+l) 
From (5), (8), and aN ~_ 0 and ai > 0 for i = 0 , . . . ,N  - 1, we obtain for i _> No and 
m, j  = 0 ,1 , . . . ,N ,  
XP--am 
Xn~-j <_ AB ,~-( j+l)  
X am X q 
n i - - ( j+ l )  ni - ( j+k+l)  
q/akm_l qlakm-_ll xq/am_l 
---- AB  Xni-( J+l)  32ni-( J+2) - . -  hi-(re+k) 
ak-1 ak--2 X q 
q~ m-1 q~ m-1 n i - (mTk+l )  Xni-( j+2) Zni - ( j+3)  
• ak k--i / \ q~ ,,~-1 / "~ q/a,~_l / \ q/am-1 
= AB | ~ 1  ~ "'" ~ • 
\ n i - ( j+2) /  ~;T'ni--(j+3)] ~Xn i - (m+k+l ) ]  
Starting with j = 0 and m -- N and iterating the above inequality N times, we obtain 
81 ) 8(N--1)k+l ( :~,~___~, ( x.,_~ x~,-Nk (10) xa~_l < (AB) r 
-- ~ XanOi_N_l " ' "  ~ Xn i -Nk-1  
where r, si (i = 1, 2 . . . .  , (N - 1)k + 1) are 'positive numbers, which can be represented by 
aN- l ,  • • • ,a l .  
From (9) and (10) it follows that 
_a  N 
lim xn, Xn~_l = O. 
i ....-* oo 
On the other hand, since aN <_ O, limi-.c~ xn, - j  = oc (j = 0, 1, . . .  ) yields 
_a  N 
lim XnlXni_l --~ O0, 
i---*oo 
which is a contradiction. The proof is complete. 
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3. GLOBAL ASYMPTOTIC  STABIL ITY  
In this section, we establish sufficient conditions for the global attracitivity and the global 
asymptotic stability of equation (1) 
The following well-known result [5] gives sufficient conditions for the asymptotic stability of 
the zero equilibrium of the difference quation 
2:n+1 -[- bxn q- CXn-k  = 0, n = 0, 1, . . . .  (11) 
THEOREM n. Assume b,c E R and k E {0, 1,. . .  }. Then 
[b[ + [c[ < 1 
is a sufficient condition for the asymptotic stability of the equation (11). 
We are now in a position to state the main result in this section. 
THEOREM 3.1. Assume that the Hypotheses (H1)-(H3) hold and suppose that there exist num- 
bers L,p,q E [0, oo) and A ,B ,a  E (0, oo) and increasing function w E C[(0, oo),(0, oo)] such 
that 
B 
f (x)  < AxP, g(x) < ~,  for x > L 
and 
Also assume that 
f (~)  = a + x~(z) .  
w(x)g(x) < 1, for x e (o, ~), 
0 < kkp k+l < (k + 1)k+lq. 
Then the unique positive equilibrium point 2, of equation (1) is global attractor of all positive 
solutions. 
PROOF. Let {x~} be a positive solution of equation (1) with initial conditions x -k , . . . , x0  E 
(0, oo). By using successive iteration, we see that for n _> 0 
= (a + xnw(xn))g(Xn-k) 
= ag(x~-k) + (a + Xn_lW(Xn_x))g(Xn_k_l)W(Xn)g(Xn-k) 
= ag(~_k) (1  + w(~)g(x~-k -1) )  
+ ag(Xn-k-2)W(Xn)W(X~-l)g(xn-k-1)g(Xn-k) +' ' "  
d- aW(Xn)W( :~n-1)  . . . W(X l )g (x -k )g (X-k+l )  . . . g (Xn-k -1 )g(Xn-k )  
-[- XoW( Xn )W( Xn-1)  . . . W(Xl )W(X0)g(X-k )g(X-k+I ) . ' .  g(  Xn-k -1 )  g(  Xn-k  ). 
When n --~ c~, the right side of the above equality is a positive term series. According to Theo- 
rem 2.1, all solutions of equation (1) are bounded. By using the w(x)g(x) < 1 and comparison 
criterion of series,the right side of the above equality is a convergent series. Hence, {xn} converges 
and there exist l such that 
lim x~ = I. 
~-- -+ OO 
By taking limit on both side of equation (1), we obtain 
l = f(1)g(l). 
From the uniqueness of equilibrium point equation (1), we have 
lira Xn = ~2. 
I"/~ ---* (X )  
The proof is complete. 
The following theorem establishes the global asymptotic stability of equation (1). 
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THEOREM 3.2. Assume f ,g  axe as in Theorem 3.1. Let the functions w,g be differentiable. 
Assume 
(~w'(~2) + w(~)) g(~2) - (a + ~w(Z))g'(~2) < 1. (12) 
Then the unique positive equilibrium point 5: of equation (1) is globally asymptotically stable. 
PROOF. The linearized equation associated with equation (1) is 
Yn+l  -- (XW'  (~:) -Jr W(X)  ) g (X)yn  -- (a -~- xw(~, )  g' (X )yn_  k = O. (13) 
Since f is increasing and g is decreasing it follows that 
• + > 0, 
< 0. 
From condition (12), Theorem A, and Theorem 3.1, we obtain the unique positive equilibrium 
point 2 of equation (1) is globally asymptotically stable. The proof is complete. 
4. APPL ICAT IONS 
In this section, we will apply our results to the rational recursive sequence 
a + bx~ 
- - - - -Y-- ,  n = 0, 1,. . .  (3) 
Xn+l  -- C+Xn_  k 
with initial conditions x-k, x-k+1,. . .  ,X_l, x0 E (0, co) and a, b,c E (0, oc), k E {1, 2, . . .  }. 
The following lemma guarantees that equation (3) has a unique positive equilibrium point 2, 
will be useful in the sequel. 
LEMMA 4.1. Assume 
a 2 ab 3 + c 3 abc b2c 2 
4- + 2~ > -6- + 10---8" (14) 
Then equation (3) has a unique positive equilibrium point 5:. 
PROOF. The positive equilibrium point 5: of equation (3) satisfies the following equation: 
a + bx 2 
X - -  - -  
c+x 2 ' 
i.e., 
X 3 -- bx 2 + cx  - a = O. 
The change of variable x = y + b/3 reduces (15) to 
(15) 
y3 + (c_  ~)  y + bC 2b3 
3 27 a = 0. (16) 
The discriminant of equation (16) is 
a 2 ab 3 + c 3 abc b2e 2 
/k = -~ + 2~ 6 108" 
I f /~ > 0, then equation (16) has a unique real root. From the relations between roots and coef- 
ficients, we know equation (3) has a unique positive equilibrium point 2. The proof is complete. 
Using the proof method of Theorem 3.1, we establish following sufficient condition for the 
global attractivity of equation (3). 
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THEOREM 4.2. Assume that condition (14) holds and let 
2kk k, < (k + 1) k+l, b < 2v~. 
Then the unique positive equilibrium point • of equation (3) is global attractor of all positive 
solutions. 
PROOF. Equation (3) can be written in the following form: 
Xn+l a/b 3 + x2 /b 2 
2 2 '  " ' "  b c/b2 + Xn_k/b n = O, 1,. 
The change of variable Yn = xn/b (n = 0, 1,...  ) reduces equation (3) to 
(a/b 3) + y~ 
2 , n = 0,1, . . . .  (17) Yn+l - (c/b2) + Yn-k, 
From the Lemma 4.1, equation (17) has a unique positive equilibrium point 9. 
For convenience, we note d = c/b 2, e = a/b 3. The equation (17) can be written the following 
form: 
e+y~ 
Y,~+I- d+y2 , n=0,1 , . . . .  (18) 
n--k, 
Let {y~} be a positive solution of equation (18) with initial conditions y_k,,... ,  Y- l ,  Yo E (0, oo). 
By using successive iteration, we see that for n _> 0 
e+y 2 




e (e+Yn_ l )  Yn  
d+ 2 + y2 yo_~ (d + YLk) (d + n-k,-i) 
e eyn 
2 + 2 
eynYn-  1 • • • Yn-k  
+ (d + yL J . . .  (d + + 
YnYn- l""  yl(e + Yo) 
+ + yLO (d + yL+I) (d + yL)  
+ ... 
When n --* c~, the right side of the above equality is a positive term series. According to 
Theorem 2.1, all solutions of equation (3) are bounded. By using the b < 2v~ and comparison 
criterion of series, the right side of the above equality is a convergent series. Hence, {y~} converges 
and there exist l such that 
l im Yn : I. 
n-~oo 
By taking limits on both side of (18), we obtain 
e+l  2 
l = ~  d+l  2" 
From the uniqueness of equilibrium point of (18), we have 
lim Yn = ~J. 
The proof is complete. 
From Theorem 3.1 we can obtain simplified result. 
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THEOREM 4.3. Assume 2kk k < (k + 1) k+l, b < x/~.  The positive equilibrium point 2 of (3) is 
a global att ractor  of a11 positive solutions. 
The following result gives sufficient conditions for the global asymptot ic  stabil ity of the unique 
positive equil ibrium point of the equation (3). 
THEOREM 4.4. Assume 
2kk k < (k + 1) k+l, a < bc, b < v/~ 
- 2 
The the unique positive equilibrium point ~ of equation (3) is globally asymptotically stable. 
PROOF. The linearized equation of equation (3) about the positive equil ibrium point • is 
2bZ 22 2 
yn+l 22 yn + - -  = 0, n = 0, 1, (19) c q- c_k 322 Yn-k .. .  
From a < bc, b <_ x/Z/2, we know that  
2b~ 2/; 2 
c+22+~ <1" 
Hence, by Theorem A and Theorem 4.3, ~ is globally asymptotical ly stable. The proof is complete. 
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